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Abstract
We show that the Calderón–Lozanovskiı˘ construction ϕ(·) commute with arbitrary weighted Ba-
nach function lattices, that is, ϕ(E0(w0),E1(w1)) = ϕ(E0,E1)(w) with w = 1/ϕ(1/w0,1/w1) if
and only if ϕ is equivalent to a power function. From this result we can also get the Stein–Weiss
theorem on interpolation of weighted Lp spaces and its generalizations.
 2003 Elsevier Inc. All rights reserved.
Keywords: Calderón–Lozanovskiı˘ spaces; Banach function lattices; Weighted spaces; Weights; Quasi-Banach
function lattices; Complex interpolation method
0. Introduction
The first interpolation result in weighted spaces was proved by Stein and Weiss [16]
in 1958. They showed that if a linear operator T is bounded from Lpi (vi) into Lqi (wi),
for i = 0,1, then T is bounded from Lp(v) into Lq(w), where 1/p= (1− θ)/p0 + θ/p1,
1/q = (1− θ)/q0 + θ/q1, v = v1−θ0 vθ1 , w =w1−θ0 wθ1 , 0 < θ < 1, and
‖T ‖Lp(v)→Lq(w)  C‖T ‖1−θLp0 (v0)→Lq0 (w0)‖T ‖
θ
Lp1 (v1)→Lq1 (w1)
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[1, Parts 5.4 and 5.5]) proved even more by describing the Lions–Peetre real interpolation
space for weighted Lp-spaces. Namely, if 1 p0 <p1 ∞, then(
Lp0(w0),Lp1(w1)
)
θ,p
= Lp
(
w1−θ0 w
θ
1
)
,
where 1/p = (1− θ)/p0 + θ/p1, 0 < θ < 1.
Similar result is true for the complex method (cf. [1])[
Lp0(w0),Lp1(w1)
]
θ
= Lp
(
w1−θ0 w
θ
1
)
but its generalization to the Calderón–Lozanovskiı˘ construction is not clear.
In this paper we investigate imbedding properties of this construction. Since, by Propo-
sition 1, we have equality (equality means that the sets are the same and the norms are
equivalent)
ϕ
(
E(w0),E(w1)
)=E(ϕ(w0,w1)), ϕ(w0,w1)= 1/ϕ(1/w0,1/w1), (1)
therefore it looks interesting to find conditions on ϕ for which we have imbeddings
ϕ
(
E0(w0),E1(w1)
)
↪→ ϕ(E0,E1)
(
ϕ(w0,w1)
) (2)
and
ϕ
(
E0(w0),E1(w1)
)←↩ ϕ(E0,E1)(ϕ(w0,w1)). (3)
Our main results in Theorem 2 show that necessary and sufficient condition for (2) is a
C-submultiplicativity of the function ϕ
ϕ(1, st)Cϕ(1, s)ϕ(1, t), (4)
and for (3) a C-supermultiplicativity of the function ϕ
ϕ(1, s)ϕ(1, t) Cϕ(1, st). (5)
These imbedding theorems have interesting corollaries. For example, the Calderón–
Lozanovskiı˘ construction ϕ(·) commute with arbitrary weighted Banach function lattices,
that is, the equality
ϕ
(
E0(w0),E1(w1)
)= ϕ(E0,E1)(ϕ(w0,w1)) (6)
holds for arbitrary Banach function lattices and arbitrary weights w0,w1 if and only if ϕ is
equivalent to the power function ϕ(s, t)= s1−θ tθ .
This description for power functions, that is, the equality
Lp0(w0)
1−θLp1(w1)θ = Lp
(
w1−θ0 w
θ
1
)
together with the interpolation property of the Calderón–Lozanovskiı˘ construction on the
maximal Banach function lattices gives the Stein–Weiss interpolation theorem and infor-
mation about possible its generalizations.
The content of the paper is as follows. In Section 1 we define the Calderón–Lozanovskiı˘
construction on the class of Banach function lattices.
Section 2 contains the main result of the paper. The imbeddings (2) and (3) are charac-
terized in the terms of function ϕ. The results obtained here are then applied to prove that
the equality (6) holds if and only if ϕ is equivalent to the power function.
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acterization of the complex interpolation method on couples of weighted Lp-spaces is
proved.
1. Calderón–Lozanovskiı˘ construction
Recall some notions and definitions which we will need further. Let (Ω,µ) be a com-
plete σ -finite measure space, and let L0(µ) denote, as usual, the space of all equivalence
classes of measurable functions on Ω with the topology of convergence in measure on
µ-finite sets.
If a normed subspace E of L0(µ) is such that there exists u ∈ L0(µ) with u > 0 a.e.
and |x| |y| µ-a.e. on Ω implies ‖x‖ ‖y‖, we say that E is a normed function lattice
(on Ω).
If, in addition, the unit ball BE = {x: ‖x‖E  1} is closed in L0(µ), so that E has
the Fatou property, then E is a Banach space which is called a maximal Banach function
lattice. The Fatou property of E means that if 0  xn ↑ x , xn ∈ E and supn ‖xn‖E <∞,
then x ∈X and ‖xn‖E ↑ ‖x‖E .
If E is a Banach function lattice on Ω and w ∈ L0 with w > 0 a.e. on Ω , we define the
weighted space E(w) by ‖x‖E(w) := ‖xw‖E .
We define the Calderón–Lozanovskiı˘ construction. Let U denotes the set of all con-
cave, positively homogeneous of degree one, nondecreasing continuous in each variable
functions ϕ : [0,∞)× [0,∞)→[0,∞) such that ϕ(0,0)= 0.
If E = (E0,E1) is a pair of Banach function lattices on Ω and ϕ ∈ U , then the
Calderón–Lozanovskiı˘ construction or Calderón–Lozanovskiı˘ space ϕ(E) = ϕ(E0,E1)
consists of all x ∈ L0(µ) such that |x|  λϕ(|x0|, |x1|) µ-a.e. on Ω for some xi ∈ Ei ,
with ‖xi‖Ei  1, i = 0,1. The space ϕ(E) is a Banach function lattice equipped with the
norm
‖x‖ϕ = inf
{
λ > 0: |x| λϕ(|x0|, |x1|), ‖x0‖E0  1, ‖x1‖E1  1}
(see [8]). In the case of the power function ϕθ (s, t)= s1−θ tθ with 0 θ  1, ϕθ (E) is well
known Calderón space E1−θ0 E
θ
1 (see [3]).
The properties of ϕ(E) were studied by Lozanovskiı˘ in [8] and [9] (see also [11]
and [2]), where among other facts it is proved the Köthe duality result
ϕ(E0,E1)
′ = ϕˆ(E′0,E′1)
with equivalent norms. Here, for ϕ ∈ U , the conjugate function ϕˆ is defined by
ϕˆ(s, t) := inf
{
αs + βt
ϕ(α,β)
; α,β > 0
}
, s, t  0.
We have ϕˆ ∈ U and ˆˆϕ = ϕ (see [9,11]).
Observe also that if M : [0,∞)→[0,∞] is nondecreasing convex and left-continuous
function not identical 0 or ∞ on (0,∞) with M(0)= 0, and ϕ ∈ U is defined by ϕ(s, t)=
tM−1(s/t) if t > 0 and 0 if t = 0, where M−1 is the right continuous inverse of M . Then
N. Krugljak, L. Maligranda / J. Math. Anal. Appl. 288 (2003) 744–757 747for any Banach lattice E on Ω the Calderón–Lozanovskiı˘ space ϕ(E,L∞(µ)) coincides
isometrically with the Banach lattice
EM =
{
x ∈L0(µ): M(|x|/λ) ∈E for some λ > 0}
equipped with the norm
‖x‖EM = inf
{
λ > 0:
∥∥M(|x|/λ)∥∥
E
 1
}
.
In particular, ϕ(L1,L∞) coincides isometrically with the Orlicz space LM (see [2,11,15]).
For ϕ ∈ U let ϕ(s, t)= 1/ϕ(1/s,1/t) for s, t > 0.
2. Calderón–Lozanovskiı˘ construction for weighted Banach function lattices
Let us start with the description of Calderón–Lozanovskiı˘ construction for an easy
couple of weighted spaces (E(w0),E(w1)), which is well-known for E = Lp (see [15,
p. 459]) but which will motivate us for the corresponding generalizations. We include here
a proof for the sake of completeness.
Proposition 1. Let ϕ ∈ U and E be any Banach function lattice. Then
ϕ
(
E(w0),E(w1)
)=E(ϕ(w0,w1)), ϕ(w0,w1)= 1/ϕ(1/w0,1/w1). (7)
Proof. Let w := ϕ(w0,w1). If x ∈ ϕ(E(w0),E(w1)) with the norm ‖x‖ < 1, then we
can find xi ∈E(wi) with ‖xi‖E(wi)  1, i = 0,1, such that |x| ϕ(|x0|, |x1|) µ-a.e. on Ω .
We have
|x|w ϕ(|x0|, |x1|)w max(|x0|w0, |x1|w1)ϕ( 1
w0
,
1
w1
)
w
= max(|x0|w0, |x1|w1) |x0|w0 + |x1|w1, µ-a.e. on Ω,
and so
‖xw‖E  ‖x0w0‖E + ‖x1w1‖E  2,
i.e., x ∈E(w) and ‖x‖E(w)  2‖x‖ϕ(E(w0),E(w1)).
On the other hand, if x ∈E(w) with the norm ‖x‖ 1, then for
xi = ϕ
(w0,w1)
wi
|x|, i = 0,1,
we have
|x| = ϕ(|x0|, |x1|) and ‖xi‖E(wi) = ‖xw‖E  1.
Thus x ∈ ϕ(E(w0),E(w1)) and ‖x‖ϕ(E(w0),E(w1))  ‖x‖E(w). ✷
The above result we will generalize by considering the following imbeddings for the
Calderón–Lozanovskiı˘ construction.
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ϕ
(
E0(w0),E1(w1)
)
↪→ ϕ(E0,E1)
(
ϕ(w0,w1)
) (8)
holds for any Banach function lattices E0,E1 and arbitrary weights w0,w1 if and only if
ϕ is C-submultiplicative function for some C > 0, that is,
ϕ(1, st)Cϕ(1, s)ϕ(1, t) (9)
for all s, t > 0.
(ii) The continuous imbedding
ϕ(E0,E1)
(
ϕ(w0,w1)
)
↪→ ϕ(E0(w0),E1(w1)) (10)
holds for any Banach function lattices E0,E1 and arbitrary weights w0,w1 if and only if
ϕ is C-supermultiplicative function for some C > 0, that is,
ϕ(1, s)ϕ(1, t) Cϕ(1, st) (11)
for all s, t > 0.
Proof. (i) Sufficiency. Assume that (9) is true. Then
ϕ
(
s0
t0
,
s1
t1
)
= s0
t0
ϕ
(
1,
s1
s0
t0
t1
)
C s0
t0
ϕ
(
1,
s1
s0
)
ϕ
(
1,
t0
t1
)
= Cϕ(s0, s1)ϕ
(
1
t0
,
1
t1
)
,
for all s0, s1, t0, t1 > 0
Now, if x ∈ ϕ(E0(w0),E1(w1)) with ‖x‖ϕ < 1 we can find xi ∈ Ei(wi) with
‖xi‖Ei(wi )  1, i = 0,1, such that |x| ϕ(|x0|, |x1|) µ-a.e. on Ω .
Put
yi = xiwi, i = 0,1.
Then ‖yi‖Ei = ‖xi‖Ei (wi)  1, i = 0,1, and
|x|ϕ(w0,w1) ϕ
(|x0|, |x1|)ϕ(w0,w1)= ϕ
( |y0|
w0
,
|y1|
w1
)
ϕ
( 1
w0
, 1
w1
)
Cϕ
(|y0|, |y1|) µ-a.e. on Ω.
Thus xϕ(w0,w1) ∈ ϕ(E0,E1) and ‖xϕ(w0,w1)‖ϕ(E0,E1)  C or x ∈ ϕ(E0,E1)(ϕ(w0,
w1)) and ‖x‖ϕ(E0,E1)(ϕ(w0,w1))  C. We proved in fact here that (9) gives a continuous
imbedding
ϕ
(
E0(w0),E1(w1)
) C
↪→ ϕ(E0,E1)
(
ϕ(w0,w1)
)
.
Necessity. Assume that (8) holds for any Banach function lattices E0,E1 on Ω and
arbitrary weights w0,w1 on Ω but (9) does not hold, i.e.,
sup
ϕ(1, st)
ϕ(1, s)ϕ(1, t)
=∞.s,t>0
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we have
1
4
ϕ(1,2k+l)
ϕ(1,2k)ϕ(1,2l)
 ϕ(1, st)
ϕ(1, s)ϕ(1, t)
 4ϕ(1,2
k+l)
ϕ(1,2k)ϕ(1,2l)
and this gives that
sup
k,l∈Z
ϕ(1,2k+l)
ϕ(1,2k)ϕ(1,2l)
=∞.
Thus there are sequences kn, ln such that
ϕ(1,2kn+ln )
ϕ(1,2kn)ϕ(1,2ln)
 2n, n= 1,2, . . . . (12)
Note that |kn| →∞ and |ln| →∞ as n→∞. In fact, if |kn|M for all n ∈N then
ϕ(1,2kn+ln )
ϕ(1,2kn)ϕ(1,2ln)
 ϕ(1,2
M+ln)
ϕ(1,2−M)ϕ(1,2ln)
 2
Mϕ(1,2ln)
ϕ(1,2−M)ϕ(1,2ln)
= 2
M
ϕ(1,2−M)
which is a contradiction with (12).
Taking a subsequence, if necessary, we may assume that either
(a) 0 > k1 > k2 > · · ·> kn > kn+1 > · · · , or
(b) 0 < k1 < k2 < · · ·< kn < kn+1 < · · · .
Consider the case (a). Let E0 = l∞, E1 = l1, w0 = 1 and w1 be constructed in the
following way:
w1 = (2−l1, . . . ,2−l1︸ ︷︷ ︸
2−k1 -times
,2−l2, . . . ,2−l2︸ ︷︷ ︸
2−k2 -times
, . . .).
We will show that the continuous imbedding
ϕ
(
l∞, l1(w1)
)
↪→ ϕ(l∞, l1)(w), w = ϕ(1,w1)= 1
ϕ
(
1, 1
w1
) , (13)
contradicts (12).
Take a sequence of functions
x1 =
(
ϕ(1,2k1+l1), . . . , ϕ(1,2k1+l1)︸ ︷︷ ︸
2−k1 -terms
,0,0, . . .
)
,
x2 =
(
0, . . . ,0︸ ︷︷ ︸
2−k1 -terms
, ϕ(1,2k2+l2), . . . , ϕ(1,2k2+l2)︸ ︷︷ ︸
2−k2 -terms
,0,0, . . .
)
,
...
xn =
(
0, . . . ,0︸ ︷︷ ︸
−(k +k +···+k )
, ϕ(1,2kn+ln), . . . , ϕ(1,2kn+ln)︸ ︷︷ ︸
−kn
,0,0, . . .
)
.2 1 2 n−1 -terms 2 -terms
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yn = ( 0, . . . ,0︸ ︷︷ ︸
2−(k1+k2+···+kn−1)-terms
,2kn+ln , . . . ,2kn+ln︸ ︷︷ ︸
2−kn -terms
,0,0, . . .)
we have
xn = ϕ(1, yn)χ{k∈N: yn(k)>0}  ϕ(1, yn)
and
‖yn‖l1(w1) = 2−kn2kn+ln2−ln = 1
it follows that ‖xn‖ϕ(l∞,l1(w1))  1.
Continuous imbedding (13) means that there exist C > 0 and sequences b(n)i  0 such
that
∑
i∈Z b
(n)
i  1 and
xnw = xn
ϕ
(
1, 1
w1
)  Cϕ(1, b(n)i ).
In particular, for
∑n−1
j=1 2−kj < i 
∑n
j=1 2−kj we have
ϕ(1,2kn+ln)
ϕ(1,2ln)
 Cϕ
(
1, b(n)i
)
,
and hence for such i , by using (12), we get
2n
C
ϕ(1,2kn) ϕ
(
1, b(n)i
)
. (14)
We can choose n such that 2n > C and then, from (14), follows that there are sn such that
sn = min
{
s > 0: ϕ(1, s)= 2
n
C
ϕ(1,2kn)
}
.
Then, by (14),
sn  b(n)i for
n−1∑
j=1
2−kj < i 
n∑
j=1
2−kj . (15)
Summing both sides over all such i we obtain 2−knsn  1. Hence
ϕ(1,2kn) <
2n
C
ϕ(1,2kn)= ϕ(1, sn) ϕ(1,2kn),
which is a contradiction. This shows that the case (a) is impossible. The proof of impossi-
bility in the case (b) we do by a change of ϕ. Let us observe that if continuous imbedding
ϕ
(
E0(w0),E1(w1)
)
↪→ ϕ(E0,E1)
(
ϕ(w0,w1)
)
holds for ϕ, then for ψ given by ψ(s, t) = ϕ(t, s) we have imbedding
ψ
(
E0(w0),E1(w1)
)= ϕ(E1(w1),E0(w0))
↪→ ϕ(E1,E0)
(
ϕ(w1,w0)
)=ψ(E0,E1)(ψ(w0,w1)).
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ψ(1,2−kn−ln)
ψ(1,2−kn)ψ(1,2−ln)
 2n, n= 1,2, . . . ,
and the case (b) for ϕ is going into the case (a) for ψ , which is impossible to hold as it was
shown above. Therefore necessity of (9) is proved.
(ii) Sufficiency. Let (11) be satisfied. If x ∈ ϕ(E0,E1)(ϕ(w1,w0)) with ‖x‖< 1, then
we can find xi ∈Ei with ‖xi‖Ei  1, i = 0,1, such that |x|ϕ(w1,w0) ϕ(|x0|, |x1|) or
|x| ϕ(|x0|, |x1|)ϕ( 1
w0
,
1
w1
)
µ-a.e. on Ω.
Let yi = xi/wi , i = 0,1. Then ‖yi‖Ei(wi) = ‖xi‖Ei  1, i = 0,1, and
|x| ϕ(|x0|, |x1|)ϕ( 1
w0
,
1
w1
)
= ϕ(|y0|w0, |y1|w1)ϕ( 1
w0
,
1
w1
)
 Cϕ
(|y0|, |y1|) µ-a.e. on Ω.
Thus x ∈ ϕ(E0(w0),E1(w1)) and ‖x‖ϕ  C. We proved here that (11) gives a continuous
imbedding
ϕ(E0,E1)
(
ϕ(w0,w1)
) C
↪→ ϕ(E0(w0),E1(w1)).
Necessity. Assume now that (11) does not hold. Then, in the same way as in the case (i),
we can find sequences kn, ln such that
ϕ(1,2kn)ϕ(1,2ln)
ϕ(1,2kn+ln )  2
n, n= 1,2, . . . ,
and we can also assume that
0 > k1 > k2 > · · ·> kn > kn+1 > · · · .
Take E0 = l∞, E1 = l1, w0 = 1 and w1 as in the case (i). Consider a sequence of functions
x1 =
(
ϕ(1,2k1)ϕ(1,2l1), . . . , ϕ(1,2k1)ϕ(1,2l1)︸ ︷︷ ︸
2−k1 -terms
,0,0, . . .
)
,
x2 =
(
0, . . . ,0︸ ︷︷ ︸
2−k1 -terms
, ϕ(1,2k2)ϕ(1,2l2), . . . , ϕ(1,2k2)ϕ(1,2l2)︸ ︷︷ ︸
2−k2 -terms
,0,0, . . .
)
,
...
xn =
(
0, . . . ,0︸ ︷︷ ︸
2−(k1+k2+···+kn−1)-terms
, ϕ(1,2kn)ϕ(1,2ln), . . . , ϕ(1,2kn)ϕ(1,2ln)︸ ︷︷ ︸
2−kn -terms
,0,0, . . .
)
.
Since for
yn = ( 0, . . . ,0︸ ︷︷ ︸
−(k +k +···+k )
,2kn , . . . ,2kn︸ ︷︷ ︸
−kn
,0,0, . . .)2 1 2 n−1 -terms 2 -terms
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xn =
(
ϕ(1, yn)/w
)
χ{k∈N: yn(k)>0}  ϕ(1, yn)/w, w = ϕ(1,w1),
and
‖yn‖l1 = 2kn2−kn = 1
it follows that ‖xn‖ϕ(l∞,l1)(w)  1.
Hence, by the imbedding
ϕ(l∞, l1)(w)
C
↪→ ϕ(l∞, l1(w1)),
there exist C > 0 and sequences b(n)i  0 such that
∑
i∈Z b
(n)
i  1 and
xn Cϕ
(
1, b(n)i /w1(i)
)
.
In particular, for
∑n−1
j=1 2−kj < i 
∑n
j=1 2−kj we have
ϕ(1,2kn)ϕ(1,2ln) Cϕ
(
1, b(n)i 2
ln
)
,
and so
2n
C
ϕ(2kn+ln) ϕ
(
1, b(n)i 2
ln
)
. (16)
We can again have that 2n > C and so there are sn such that
sn = min
{
s > 0: ϕ(1, s)= 2
n
C
ϕ(1,2kn+ln)
}
.
Then, by (16),
sn  b(n)i 2
ln for
n−1∑
j=1
2−kj < i 
n∑
j=1
2−kj .
Summing both sides over all such i we obtain
2−knsn 
∑
b
(n)
i 2
ln  2ln
or sn  2kn+ln .
Hence
ϕ(1,2kn+ln) < 2
n
C
ϕ(1,2kn+ln )= ϕ(1, sn) ϕ(1,2kn+ln),
which is a contradiction. ✷
Remark 1. Theorem 2 can be generalized to three functions ϕ,ϕ0, ϕ1 ∈ U .
(i) The continuous imbedding
ϕ
(
E0(w0),E1(w1)
)
↪→ ϕ0(E0,E1)
(
ϕ1(w0,w1)
)
holds for any Banach function lattices E0,E1 and arbitrary weights w0,w1 if and only if
there exists a constant C > 0 such that
ϕ(1, s)ϕ1(1, t) Cϕ0(1, st) for all s, t > 0.
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ϕ0(E0,E1)
(
ϕ1(w0,w1)
)
↪→ ϕ(E0(w0),E1(w1))
holds for any Banach function lattices E0,E1 and arbitrary weights w0,w1 if and only if
there exists a constant C > 0 such that
ϕ0(1, st) Cϕ1(1, s)ϕ(1, t) for all s, t > 0.
The above results are also true for the quasi-Banach function lattices E0,E1 and we should
mention here that the Calderón–Lozanovskiı˘ spaces can be also defined in this case (cf. [6,
12,14]).
Remark 2. Theorem 2 and Remark 1 in their necessity parts will be still true if instead of
all Banach function lattices E0,E1 and arbitrary weights w0,w1 we take only Lp0,Lp1 for
all 1 p0,p1 ∞ and arbitrary weights w0,w1.
Remark 3. Note that if 0 <p0 <p1 ∞, then
ϕ
(
Lp0(w0),Lp1(w1)
)= LM,
where the last space is the weighted Orlicz space (or better to say the Musielak–Orlicz
space) generated by the function M(u, t) = M(w1(t)1/p0w0(t)−1/p1u)(w0(t)/w1(t))q ,
where 1/q = 1/p0 − 1/p1 and M−1(s)= ϕ(s1/p0, s1/p1) (cf. [12]). More precisely,
‖x‖M = inf
{
λ > 0:
∫
Ω
M
(
w1(t)
1/p0w0(t)
−1/p1 |x(t)|/λ)(w0(t)/w1(t))q dµ 1
}
.
Theorem 3. The equality
ϕ
(
E0(w0),E1(w1)
)= ϕ(E0,E1)(ϕ(w0,w1)) (17)
holds for any Banach function lattices E0,E1 and arbitrary weights w0,w1 if and only if
ϕ is equivalent to a power function.
Proof. By Theorem 2 the equality (17) holds if and only if there exist positive constants
c0 and c1 such that for all s, t > 0
c0ϕ(1, s)ϕ(1, t) ϕ(1, st) c1ϕ(1, s)ϕ(1, t).
Hence, the functions ϕ1(t) := c1ϕ(1, t) and ϕ0(t) := 1/(c0ϕ(1, t)) are submultiplicative
on (0,∞), that is,
ϕi(st) ϕi(s)ϕi(t) for all s, t > 0 (i = 0,1).
For submultiplicative functions ϕ0 and ϕ1, as it is known (see [5, pp. 241–250], [7, Theo-
rem 1.3], and [11, Theorem 11.3]), we can find real numbers αi,βi such that −∞< αi 
βi <∞, i = 0,1, and
αi = sup
0<t<1
lnϕi(t)
ln t
= lim
t→0+
lnϕi(t)
ln t
,
βi = inf lnϕi(t) = lim lnϕi(t) .
t>1 ln t t→∞ ln t
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α0 = lim
t→0+
ln 1
c0ϕ(1,t )
ln t
= lim
t→0+
− lnc0 − lnϕ(1, t)
ln t
=− lim
t→0+
lnϕ(1, t)
ln t
=− lim
t→0+
ln(c1ϕ(1, t))
ln t
=−α1,
and similarly β0 =−β1. Therefore for 0 < t < 1
1
c1
tα1  ϕ1(t)
c1
= ϕ(1, t)= 1
c0ϕ0(t)
 1
c0tα0
= 1
c0
tα1,
and similarly for t > 1
1
c1
tβ1  ϕ(1, t) 1
c0
tβ1 .
We show that α1 = β1. In fact, for any t > 1 let 0 < s < 1 be such that 0 < st < 1 (for
example, s = t−2); then
1
c0
(st)α1  ϕ(1, st) c0ϕ(1, s)ϕ(1, t) c0
sα1
c1
tβ1
c1
or
tα1 
(
c0
c1
)2
tβ1 ,
which as t →∞ gives that α1  β1 (but from the definition we have α1  β1) and so
α1 = β1. This means that
1
c1
tα1  ϕ(1, t) 1
c0
tα1
for all t > 0. ✷
Remark 4. The above proof shows that if measurable function ϕ : (0,∞)→ (0,∞) is
c0-supermultiplicative and c1-submultiplicative, then ϕ is equivalent to a power function.
By taking u(t)= lnϕ(et ) we will have equivalently that if measurable function u :R→ R
is c0-superadditive and c1-subadditive, then u is equivalent to a linear function.
3. Interpolation theorems of the Stein–Weiss type
Proposition 1 and Theorem 3 together with the well-known interpolation property of the
Calderón–Lozanovskiı˘ construction on the maximal Banach function lattices (cf. [2,8,11,
15]) give immediately the Stein–Weiss theorem on interpolation of Lp-spaces mentioned in
the introduction and also, by Remark 1 on quasi-Banach function lattices, its improvements
considered by Gustavsson in [4].
We may also apply Theorem 3 to establish another interpolation theorem of the Stein–
Weiss type.
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Banach couple (E0,E1) into the Banach couple (F0,F1) if T : E0 + E1 → F0 + F1 is
bounded and restrictions T|E0 :E0 → F0 and T|E1 :E1 → F1 are bounded.
Theorem 4. Let T : (l∞, l∞(2−n)) → (Lp0(w0),Lp1(w1)) be a bounded linear opera-
tor. If ϕ is a C-submultiplicative function for some C > 0, then T maps l∞(ϕ(1,2−n))
into ϕ(Lp0 ,Lp1)(ϕ(w0,w1)). The result is sharp, in the sense that if ϕ is not C-sub-
multiplicative function for any C > 0, then we can find p0,p1 ∈ [1,∞], weights w0,w1
and a bounded linear operator T : (l∞, l∞(2−n))→ (Lp0(w0),Lp1(w1)) such that T does
not map l∞(ϕ(1,2−n)) into ϕ(Lp0,Lp1)(ϕ(w0,w1)).
Proof. We have ϕ(l∞, l∞(2−n)) = l∞(ϕ(1,2−n)). This follows, for example, from our
Proposition 1.
If ϕ is C-submultiplicative then by Theorem 2(i) we have continuous imbedding
ϕ(Lp0(w0),Lp1(w1)) ↪→ ϕ(Lp0,Lp1)(ϕ(w0,w1)), and by using the interpolation prop-
erty of the Calderón–Lozanovskiı˘ construction on the maximal Banach function lattices
we obtain the first part of the theorem.
Now, we show that result is sharp. We first note that for any couple of maximal Banach
function lattices E = (E0,E1) we have
ϕ(E0,E1)= Orbl∞(ϕ(1,2−n))
((
l∞, l∞(2−n)
); (E0,E1))
(cf. [15] and also [2], where the definition of the orbit space and some results are presented)
and, in particular,
ϕ
(
Lp0(w0),Lp1(w1)
)= Orbl∞(ϕ(1,2−n))((l∞, l∞(2−n)); (Lp0(w0),Lp1(w1))).
Thus if ϕ is not C-submultiplicative for any C > 0, then by Theorem 2(i) (in fact, by
Remark 2) we can find p0,p1 and weights w0,w1 such that ϕ(Lp0,Lp1)(ϕ(w0,w1))
does not contain ϕ(Lp0(w0),Lp1(w1)) and since orbit is minimal in inclusion interpo-
lation method which contains l∞(ϕ(1,2−n)) it follows the result. This also shows the
importance of C-submultiplicativity of ϕ. ✷
The interpolation property of the Gagliardo relative completion ϕ∼(·) of the Calderón–
Lozanovskiı˘ construction ϕ(·) with respect to the sum together with the Theorem 2(i) show
the following interpolation result.
Corollary 5. Let ϕ be a C-submultiplicative function for some C > 0 and F0,F1 be two
maximal Banach function lattices. If T : (E0,E1)→ (F0(w0),F1(w1)) is a bounded linear
operator, then T : ϕ(E0,E1)→ ϕ(F0,F1)(ϕ(w0,w1)) is bounded.
The proof of Theorem 4 and Theorem 3 give another result.
Theorem 6. If ϕ is not equivalent to a power function, then there exist p0,p1,w0,w1 and
q0, q1, v0, v1 and a bounded operator T : (Lp0(w0),Lp1(w1))→ (Lq0(v0),Lq1(v1)) such
that T does not map ϕ(Lp0,Lp1)(ϕ(w0,w1)) into ϕ(Lq0,Lq1)(ϕ(v0, v1)).
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Theorem 4. If ϕ is C-submultiplicative for some C > 0, then we can consider couple for
which ϕ(Lp0(w0),Lp1(w1) is an proper subspace of ϕ(Lp0,Lp1)(ϕ(w0,w1)).
On the other hand, since Lp0(w0) and Lp1(w1) have the Fatou property it follows that
ϕ
(
Lp0(w0),Lp1(w1)
)= Corbl1(ϕ(1,2n))((Lp0(w0),Lp1(w1)); (l1, l1(2−n)))
(cf. [15] and also [2], where the definition of the coorbit space and also some results are
included). But coorbit is a maximal interpolation method in a sense of inclusion and is
contained in l1(ϕ(1,2n)).
Thus, for x ∈ ϕ(Lp0,Lp1)(ϕ(w0,w1))\ϕ(Lp0(w0),Lp1(w1)) we can find a bounded
operator T : (Lp0(w0),Lp1(w1)) → (l1, l1(2−n)) such that T x = ϕ(l1, l1(2−n)) =
l1(ϕ(1,2n)). ✷
The results we just proved allow us to characterize the complex interpolation method
on couples of weighted Lp-spaces. The necessary definitions we can find in [2].
Theorem 7. Let F be an interpolation functor on the category of (Lp0(w0),Lp1(w1))
couples such that
F
(
Lp0(w0),Lp1(w1)
)= F(Lp0,Lp1)(ϕ(w0,w1)). (18)
If F is relatively complete, then F is an upper complex method Cθ for some 0 θ  1.
Proof. Let F be a relatively complete. Since F(l∞, l∞(2−n)) = l∞(ϕ(1,2n)) and
F(l1, l1(2−n))= l1(ϕ(1,2n)) we have on any couple (E0,E1) of Banach function lattices
with the Fatou property that F(E0,E1) contains Orbl∞(ϕ(1,2−n)((l∞, l∞(2−n)); (E0,E1))
and is contained in Corbl1(ϕ(1,2n))((E0,E1); (l1, l1(2−n))).
By the Ovchinnikov theorem (see [13] or [15]) the functor F coincide with the
Calderón–Lozanovskiı˘ spaces ϕ(E0,E1). The assumption (18) gives that
ϕ
(
Lp0(w0),Lp1(w1)
)= ϕ(Lp0,Lp1)(ϕ(w0,w1))
and, by the Theorem 3, ϕ must be equivalent to the power function ϕθ = s1−θ tθ . Thus the
functor F is the Calderón–Lozanovskiı˘ construction E1−θ0 E
θ
1 .
Now, by using the Lozanovskiı˘ theorem from [10, Theorem 3.3] we have that on the
Banach function lattices with the Fatou property spaces E1−θ0 E
θ
1 are equal to the upper
complex method [E0,E1]θ . Finally, we obtain that F(E0,E1) = [E0,E1]θ and the proof
is finished. ✷
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